Introduction {#Sec1}
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Numerical integration methods are of crucial importance in various applications. Among the first methods were Newton-Cotes formulas on intervals, with the trapezoidal rule being a specific example. In Romberg's paper Romberg ([@CR10]), an iterative superposition of the trapezoidal rule for different grid sizes $\documentclass[12pt]{minimal}
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                \begin{document}$$[0,1]^q$$\end{document}$ (see, e.g., Antes [@CR1]; Schönhage [@CR11]). More advanced methods came into play with a thorough study of lattice rules (see, e.g., Freeden [@CR6]; Lyness [@CR9]; Sloan and Joe [@CR12] for overviews). Also quasi-Monte Carlo became popular, which leaves the path of fixed lattices but chooses cubature nodes in such a way that they yield 'good' convergence of an equal-weight cubature rule (see, e.g., Caflisch [@CR2]; Dick et al. [@CR4] for overviews). An exhaustive overview on various construction principles for cubature rules is presented in Cools ([@CR3]). However, those studies are mostly restricted to standard regions like the unit cube.

In many applications integrals have to be computed over more complicated regions $\documentclass[12pt]{minimal}
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                \begin{document}$$Q_\tau $$\end{document}$ in order to obtain the desired convergence rate. However, these boundary integrals are no peculiarity suddenly arising in higher dimensions or for general regions $\documentclass[12pt]{minimal}
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In Sect. [1.1](#Sec2){ref-type="sec"}, we illustrate the one-dimensional case while in Sect. [2](#Sec3){ref-type="sec"}, we recall some foundations of Euler summation on regular regions and their connection to numerical integration. In Sect. [3](#Sec4){ref-type="sec"}, we then apply Romberg extrapolation to these representations and derive an explicit representation of the remainder term.

The 1-D case {#Sec2}
------------
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Euler summation-based cubature {#Sec3}
==============================

We briefly recapitulate results on Euler summation and numerical integration as can be found, e.g., in Freeden ([@CR5], [@CR6]), Freeden and Fleck ([@CR7]), Freeden and Ostermann ([@CR8]). First, some basic definitions are required. If not mentioned otherwise, the dimension *q* is always assumed to be $\documentclass[12pt]{minimal}
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Definition 2.1 {#FPar1}
--------------
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Definition 2.2 {#FPar2}
--------------
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Application of Green's formulas and the properties from Definition [2.2](#FPar2){ref-type="sec"} lead to the following Euler summation formula (for details, the reader is referred to Freeden ([@CR6]) and references therein).
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